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Taking a full 3D nonlinear vetor matter eld dynamis, a vetor version of a soliton state was found.
The Nielsen-Olesen proedure was used in order to derive a Lorentz-violation vetor parameter whih
haraterizes, via Spontaneous Symmetry Breaking mehanism, the non-trivial vauum. A stable
vortex onguration is obtained, and although the Chern-Simons-type terms do not ontribute to
the value of the vortex ore, the propagator analysis suggests us the possibility of a ontribution to
the size of the vortex ore and to the growth of the eld to ahieve the asymptoti limit value with
the distane.
PACS numbers:
I. INTRODUCTION
Sine the birth of quantum mehanis there has been a ontinuous growing interest is the study of non-ommutative
possible phenomena [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12℄, and its onsequent (or not) Lorentz violation eets. In the
ontext of eld theory it an be determined by introduing deformation terms in the algebra of the objets of the
model or in its own dynamis, partiularly when we are dealing with interating models. In the 90's the q-deformation
introdued to algebras and the quantum groups developed an interesting theoretial senario [13℄. From another point
of view, Colladay and Kosteleký [14, 15℄, have observed the possible ourrene of Lorentz violating extensions to
the Standard Model. Sine their pioneering work, the Lorentz symmetry violation has been extensively investigated
with the strings theory as the underling motivation. Indeed, some astrophysial phenomena ould be tted by these
extensions [16℄, and theoretial developments have been largely worked on [17, 18, 19℄.
An interesting way to theoretially represent these phenomena is through the vauum of a model with Chern-Simons
photon oupling, what we have alled Carroll-Jakiw eld model [20℄. This work has presented a preferred spae-time
diretion ditated by the introdution of a onstant four-vetor bµ. Consequently, the photon irular polarization
shows a non usual dispersion relation [21℄, while the linear polarized photons exhibit optial birefringene. Furthermore
the four-vetor indues anisotropi optial vauum whih ould be deteted through the observation of tiny Lorentz-
breaking eets (bµb
µ < 10−33eV ≃ 10−28cm−1) on spae-time [22, 23, 24, 25℄. Indeed, a nontrivial vauum value
indiates that a fundamental symmetry-breaking ours for suh eld at low-energy limit. A areful treatment
of this issue suggests that spontaneous Lorentz-violation terms, with onsequent anisotropi optial eets, ould
originate from a spontaneous symmetry breaking (SSB) mehanism on a matter vetor eld [26℄. Taking this into
aount, the redued model to (1 + 2)D may reveal the ontribution of topologial objets to suh nontrivial optial
vauum eets. Our purpose in this work is to obtain stable (1 + 2)D vortex-lines solutions starting from interating
nonlinear matter vetor eld Lagrangian, and also to haraterize the vetor nature of these topologial objets. We
are going to disuss the ontribution of the Chern-Simons-type terms to asymptoti behavior of the matter eld.
The outline of the work is the following: In Se. II we onsider a nonlinear matter vetor eld model and we
disuss how it an arise in stable formation for vetor solitons. Se. III is devoted to omputing the vortex-lines via
Nielsen-Olesen way and verifying the possible solutions and stability. In Se. IV we make a study of the mass poles
through the propagators obtained and disuss the relations to the vauum and asymptoti limit of the elds. Finally,
in the Conlusion we disuss the results and give perspetives of new approahes to the subjet.
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2II. VORTEX LINES IN THE MATTER VECTOR FIELD MODEL
Taking the referene [26℄, we reall the harged matter vetor eld model and we assume it as living in a (1 + 2)D
world, inluding global U(1) invariant terms, and topologial terms. It an be written as,
L = −1
2
F ∗µνF
µν − (∂µBµ)∗(∂νBν) +mǫµνκBµ∂νB∗κ +mǫµνκB∗µ∂νBκ + α2B∗µBµ + λ(B∗µBµ)2 (1)
where Bµ is a harged vetor eld and Fµν = ∂µBν − ∂νBµ is the eld strength. The symmetry U(1) allows us to
insert a topologial massive Chern-Simons-type term that does not play a role in the vauum ahievement but will
be important to the mass term denition in the asymptoti limit behavior that will be made lear further ahead
1
.
As we are treating Bµ as a matter eld the global U(1) symmetry indues the presene of a dynamial longitudinal
term in the Lagrangian (1). We an verify that this model gives rise to a SSB mehanism whose non-trivial vauum
[17, 18, 26℄ allows veriation of partiular soliton solution. Analogously to the usual salar ase we are going to
assume asymptoti values on the boundary spae for an S1 topologial irle realling the Nielsen-Olesen approah.
Consequently, taking r and θ as the polar oordinates, we an onstrut the following values for Bµ at r→∞,
Bµ = bµe
inθ
and B∗µB
µ = bµb
µ = b2 (2)
where bµ is a onstant vetor that is dened by a minimal value of the energy funtional in Lagrangian (1), as it also
has been assumed in [26℄. The result is that the Lagrangian (1) allows a SSB on matter vetor eld Bµ to α
2 < 0
and we have that,
bµ =
√
−α2
2λ
uµ , (3)
where uµ is an unitary vetor dened on the Minkowski spae in (1+2)D along the bµ diretion. Hene our partiular
hoies for Bµ at innity lead us to a xed and exat value for the degenerated vauum. Another interesting aspet
in SSB mehanism applied to the matter vetor eld are the Lorentz-violation parameters generated spontaneously
too. Indeed, as expeted, the Lorentz-breaking term, bµ-vetor, ours due to the original vetor-nature of the lowest
energy eld [26℄.
We an observe that vortex lines strutures an be derived from the non-trivial topology of the vauum of the
matter vetor eld. From the anisotropi vauum in (1+ 2)D, the time-omponent (µ = 0) and the spae-omponent
(µ = i) are written as,
B0 = b0e
inθ, Bi = bie
inθ , (4)
where the r and θ omponents in the plane are signaled by
Br = bre
inθ Bθ = bθe
inθ
(5)
where the b0, bi (br and bθ) are time, vetor (radial and angular) omponents of the Lorentz-violating parameter.
Several reent disussions related to the existene of these parameters have been oered [17, 18, 24, 25℄. In this ase,
the Bµ eld generates a vetor soliton with arbitrary anisotropi dependene whose stability is analyzed starting from
stati onguration for the Hamiltonian funtional density,
Hs.c. = −(~∇B0)∗(~∇B0) + (~∇× ~B)∗(~∇× ~B) + (~∇ · ~B)∗(~∇ · ~B), (6)
where we have also admitted a stati onguration for the SSB potential,
V (Bµ, B
∗
µ) = λ[b
2 −B∗µBµ]2 = 0, (7)
whih results preisely in the expression (2) on the boundary. We have also veried that the topologial term in (1)
does not ontribute to the Hamiltonian density. Let us now treat the system (6) in three dimensions, admitting a
ylindri or axial symmetry around the z-axis. Thus, the z-omponent of Bµ is assumed to be onstant, and from (2)
we have found that,
~∇B0 = inb0
r
einθ θˆ, ~∇ · ~B = 1
r
(br + inbθ)e
inθ, ~∇× ~B = 1
r
(bθ − inbr)einθ zˆ. (8)
1
The two Chern-Simons-type term are indeed symmetri, we have written them to observe the global U(1)-symmetry expliitly.
3Hene substituting (8) with (6) we nd that at r →∞ the Hamiltonian funtional density is given by,
Hs.c. = n
2b20 + (n
2 + 1)(b2r + b
2
θ)
r2
(9)
and the energy of the vetor soliton relative to the anisotropi vauum parameters is,
E =
∫ ∞
Hs.c.rdrdθ =
[
n2b20 + (n
2 + 1)
(
b2r + b
2
θ
)]
ln |r|
∣∣∣∞ (10)
On the other hand, as in the ase of the salar theories, the vetor soliton model also presents a logarithmi divergene.
In a similar way, this an be treated by adding a gauge eld Aµ in the system,
DµBν = ∂µBν + ieAµBν . (11)
We shall then assume the gauge hoie A0 = 0, where Aµ = A =
1
e
~∇(nθ), for very large r value. As is well known,
we an write it analytially in ylindrial symmetry, or
Ar → 0 and Aθ → − n
er
(12)
sine we treat the ovariant derivative (11) at innity, the results is
DµBν = 0. (13)
Thus, the stability of this model requires a vetor eletrodynamis whose Lagrangian model is dened by,
L = −1
4
fµνf
µν − 1
2
F∗µνFµν − (DµBµ)∗(DνBν) +mǫµνκB∗µ(DνBκ) +mǫµνκBµ(DνBκ)∗ + λ[b2 −B∗µBµ]2 (14)
where Fµν = DµBν − DνBµ and fµν = ∂µAν − ∂νAµ. From the relations (12) whih dene a pure gauge, the
Lagrangian model (14) assumes a nite energy onguration for its Hamiltonian funtional density at innity,
Fµν → 0 and H → 0 (15)
and the gauge eld Aµ gives rise to a soliton magneti ux,
Φ =
∮
~A · d~l = −2πn
e
, (16)
whih is equivalent to the result obtained for salar eld model and ould be seen as magneti ux quantization as in
the London and Ginzburg-Landau equations to desribe the type-II superondutors [27℄.
III. VECTOR MODEL FOR THE NIELSEN-OLESEN EQUATIONS
Based on the Lagrangian (14) we now onsider a vetor version to the Nielsen-Olesen equations. A remarkable
feature of this study is the existene of a non-trivial vauum for the Bµ eld, whih naturally guarantees the appearane
of an anisotropi parameter via SSB mehanism. In this way a vetor soliton objet with non-zero spin emerges from
this model whose dynamial equations depend on the quadrati norm of the anisotropi vetor bµ. We then assume
the Lagrangian model
L = −1
4
fµνf
µν − 1
2
F∗µνFµν − (DµBµ)∗(DνBν)+mǫµνκBµ(DνBκ)∗+mǫµνκB∗µ(DνBκ)+α2B∗µBµ+λ(B∗µBµ)2 (17)
whose equations of motion for the model are written as,
ie(B∗νF
µν −BνFµν∗) + ie(Bµ∗∂νBν −Bµ∂νBν∗)− iemǫµνκ(B∗νBκ −BκB∗ν)− 2e2Aµ(B∗νBν) = ∂νfµν , (18)
DµD
µBν + 2mǫκλνDλBκ =
[
α2 + 2λ(B∗µB
µ)
]
Bν . (19)
4Now we seek vortex solutions in the system desribed by (18). In order to extrat further information about the
system we admit that
Aθ(r) = A(r) and Bµ = βµ(r)e
inθ , (20)
where the limits to βµ(r) are given by,
lim
r→∞
βµ(r) = bµ lim
r→0
βµ(r) = 0 , (21)
here, B∗µB
µ = |β(r)|2 and |β(r)|2−→(|β(r)|∞)2 = b2 at innity. In the Minkowski spae (1 + 2)D we an observe
that,
|β(r)| =
√
β0(r)2 − βr(r)2 − βθ(r)2 and so |β(r)|∞ = |b| =
√
b20 − b2r − b2θ . (22)
Then the equations of motion (18) and (19) assume, in the stati onguration, the forms:
∂if
µi = ie[B∗0∂
µB0 +B∗i ∂
µBi −B∗i ∂iBµ −B0∂µB0∗ −Bi∂µBi∗ +Bi∂iBµ∗]
+ie[Bµ∗∂iB
i −Bµ∂iBi∗] + iemǫµνκ(B∗νBκ −BνB∗κ)− 2e2AµB0B0 − 2e2AµB∗iBi , (23)
DiD
iBν + 2mǫκiνDiBκ =
[
α2 + 2λ(B∗µB
µ)
]
Bν . (24)
Then by using the relations (20) and (21) in ylindri oordinates the equations of motion, (23) and (24), an be
written down as,
d2A(r)
dr
+
1
r2
dA(r)
dr
−
[
e2|β(r)|2 + 1
r
]
A(r) − 2en
r
|β(r)|2 = 0 , (25)
1
r
d
dr
[
r
dβ0(r)
dr
]
−
[(n
r
− eA(r)
)2
+ α2 + 2λ|β(r)|2
]
β0(r) = 2m
[
−dβθ(r)
dr
+
(
in
r
+ ieA(r)
)
βr(r)
]
, (26)
1
r
d
dr
[
r
dβr(r)
dr
]
−
[(n
r
− eA(r)
)2
+ α2 + 2λ|β(r)|2
]
βr(r) = 2m
[
in
r
+ ieA(r)
]
β0(r) , (27)
1
r
d
dr
[
r
dβθ(r)
dr
]
−
[(n
r
− eA(r)
)2
+ α2 + 2λ|β(r)|2
]
βθ(r) = −2mdβ0(r)
dr
. (28)
Unfortunately the analytial solution of these four equations an not been obtained. Realling the salar ase, we have
two, simpler equations but without analytial solution all the same [27℄. In the above equations one simple partiular
solution an be obtained by making |β(r)| for large r ahieve the partiular expressed in Eq. (22).
We an observe that the equation (25) is the onsequene of stati onguration when we substitute the βµ(r)
funtion into the equation of motion (23). The expressions (26), (27) and (28) are the omponents of the equation
of motion (24) to µ = 0, r, θ respetively. The solution of these oupled equations of motion system reveal the
harateristi funtions to eah omponent β0(r), βr(r), βθ(r). Unfortunately, again, this system an not admit an
exat and general analyti solution. The only partiular analyti solution we an obtain is through values of |β(r)|2
near innity, whih implies that
|β(r)|2 ≃ b2 . (29)
In this ase, we have that |b|2 = b2, so we an dene the gauge eld A(r) and the magneti eld H(r) are the θ- and
z-omponent of their respetive elds, or
A(r) ≡ Aθ(r) = A ,
H(r) ≡ Hz(r) = 1
r
d
[
rA(r)
]
dr
. (30)
5Allowing these onditions, we obtain the following solutions to the elds as funtions on the breaking parameter |b|,
A(r) = − n
er
− |b|
e
K1
(
e|b|r)
∣∣∣
r→∞
= − n
er
+ |b|
√
π
2er
exp
(
−e|b|r
)
+O
(
1
r
)
,
H(r) =
|b|
e
K0
(
e|b|r)
∣∣∣
r→∞
= |b|
√
π|b|
2er
exp
(
−e|b|r
)
+O
(
1
r
)
, (31)
where K0
(
e|b|r) and K1
(
e|b|r) are the modied Bessel funtions, whose values are taken at innity. We notie
that in the above solutions, |b| is a parameter of A(r) and H(r) that imposes a spei diretion in spae-time and
onsequently breaks the Lorentz symmetry
2
. So, we an state that the magneti eld H(r) is generated by a Lorentz
symmetry violation. We also observe that, in spite of the absene of an exat solution to the oupled system of
equations we an infer the solutions of the parameters β0(r), βr(r), βθ(r) in good agreement with funtional behavior
when the system is going to innity. In this limit we an suggest that the variation of these parameters is generially
desribed through the equation,
βµ(r) = bµ
(
1− ae−
√
−ρ2r
)
, (32)
where a and −ρ2 are two real fators to be determined. The a-fator an be easily obtained ensuring that the solution
obeys the asymptoti behavior. On the other hand, the ρ-fator is related to the mass of the eld. Bearing this in
mind and with the presene of a topologial term in the original Lagrangian both might inuene the vortex struture.
To this end we use the propagator omputation derived from the Lagrangian (1). We verify that lose to the vortex
ore there is no ontribution from the topologial Chern-Simons-type term, but it is relevant to the proess to reah
the asymptoti limit, whih an be ditated by a mass term parameter that will be obtained by a spetrum analysis.
IV. THE SPECTRUM ANALYSIS AND THE ASYMPTOTIC LIMIT BEHAVIOR
Taking the Lagrangian (1), the propagators an be written down in three setors, as
Ωµν =
∂µ∂ν
✷
, Θµν = ηµν − ∂
µ∂ν
✷
, Sµν = ǫµλν∂λ , (33)
where Ω is the the longitudinal, Θ and S are the transversal setors of the propagator remarking that S has topologial
origin. Thereby the invertible operator is Oµν = 2mSµν + (✷+ α2)ηµν , and its inverse O−1 is
(Oµν )−1 = − 1
(✷+ α2)
Ωµν +
✷+ α2
(✷+ α2)2 + 4m2✷
Θµν − 2m
(✷+ α2)2 + 4m2✷
Sµν . (34)
Converting to the momenta spae, the B-eld propagator an be written down as ,
〈BµBν〉L(k) = − i
k2 − α2
(
kµkν
k2
)
, (35)
〈BµBν〉T (k) = i
(k2 − α2)2 − 4m2k2
[(
k2 − α2)
(
ηµν − k
µkν
k2
)
+ 2miǫµλνkλ
]
, (36)
where we have separated in longitudinal (L) and transversal (T ) setors. Observe that the longitudinal setor exhibits
a simple pole k2 = α2, and if we saturate this setor with the onserved urrent it vanishes, thereby it has no dynamis
and therefore we an throw it away. On the other hand the transversal setor an be re-written in suh a way that,
〈BµBν〉T (k) = i
(k2 − ρ2+)(k2 − ρ2−)
[
(k2 − α2)(ηµν − k
µkν
k2
) + 2miǫµλνkλ
]
, (37)
where the massive poles are,
ρ2± = α
2 + 2m2 ± 2m
√
α2 +m2. (38)
2
It is dierent from what ours to the solutions of the salar ase of Nielsen-Olesen vortex, whih are dependent on a real parameter
that omes from a breaking of the internal symmetry U(1).
6We an see that the transversal setor poles represent the unique dynami degrees of freedom of the model, and if we
take m = 0 we get the usual Proa-type massive pole as expeted. The important point here is that we an easily
observe that the topologial mass ontributes to dynami mass poles ρ2±. And to obtain suh ontribution we suggest
a simple relation between the mass and the topologial mass terms, that is
ε =
m
α
, (39)
whih means that the topologial mass is a multiple of the usual mass term, and ε is a onstant value. In this way
we an substitute it in (38), giving
ρ2± = C(ε)α
2, (40)
where C(ε) is the onstant expression
C(ε) = 1 + 2ε2 ± 2ε(1 + ε2)1/2. (41)
We observe that for real values C(ε) is always positive.
Therefore we an onlude that the ontribution of the topologial setor does not spoil the SSB will be proedure
in the sense that if we take the mass-term α2 to be negative thus will be the Chern-Simons-type mass term m2.
However, in this approah, the Chern-Simons-type setor does not play a role in the vauum omputation, it indiates
the speed of the eld in order to arrive at the asymptoti limit and the size of the region where H is dierent from
zero or the vortex ore. So, in order to inlude a Chern-Simons-type ontribution to the mass pole we have to deform
the mass term in the above C(ε) in suh way that
α2 → C(ε)α2 (42)
where C(ε) ≥ 1 and it is easy to see that for m = 0 implies that ε = 0 and C(ε) = 1. So the vetor solitons an have
two modes (±) that depend on the mass deformation fator C(ε), notiing that they are both positive.
Therefore, taking the asymptoti behavior of the eld and negleting the ± indexes, we an verify that the funtion
(32) is onsistent with the physial limits dened in (21) and (22). We also notie that this denition an be extended
to the following quantities,
βµ(r)β
µ(r) = |β(r)|2 = bµbµ
(
1− ae−
√
−ρ2r
)2
, (43)
whih we an take,
|β(r)| = |b|
(
1− ae−
√
−ρ2r
)
, (44)
and taking the r −→ ∞ limit we have that |β(r)|
∣∣
r→∞
= |b| whih is onsistent with the denitions adopted. This
result implies that eah omponent of βµ(r) behaves as a unique soliton traveling in various diretions, and whose
distane is related to the mass parameter ρ2. The vetor harater of the soliton is the onsequene of the solitoni
modes
3
in the (1 + 2)D spae-time.
The non-trivial vauum value expressed in the relation (32) suggests that the vetor soliton is generated from the
Lorentz symmetry violation represented by the bµ parameter. Furthermore, vetor solitons are also assoiated with
loal anisotropy of the vauum energy (or optial vauum) whih an be obtained from the non-trivial vauum state
of vetor matter eld model, as has been speulated in a previous work[26℄. For this reason, we an notie that
vetor soliton objets whih present independent omponents of polarization bµ and originate from Lorentz symmetry
violation are indeed not a simple extension of salar topologial solitons.
In order to obtain the fators of the funtion (44) a further analysis of βµ(r) beyond of these limits an be made. To
this end we suggest that the fator a an be a funtion of r in suh a way that it has to satisfy limr→0βµ(r) = 0. The
best form of the fator a is given by,
a(r) =
sin
(√
−ρ2r
)
√
−ρ2r
, (45)
3
It an be related to olletive behavior of these solitoni modes.
7 0
 0.2
 0.4
 0.6
 0.8
 1
 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8
β µ
 
fie
ld
Distance 10-17m
FIG. 1: Plot of β(r) eld versus the distane r given by expression (46). The mass parameter ρ is estimated as the Higgs mass
value. We observe that β(r) assumes asymptoti values for |b| = 1 at innity.
so, substituting this expression in the funtion (44), we have that
βµ(r) = bµ

1− sin
(√
−ρ2r
)
√
−ρ2r
e−
√
−ρ2r

 , (46)
where we verify that βµ(r) is a smooth and analyti funtion for all real values of r, and it satises both limits
expressed in (21). Then the expression (46) might be taken as a simplied analytial solution for the funtion β(r)
near to the asymptoti limit. We an observe in Fig. 1, that it ts very well, partiularly for values of ρ to the order
of Higgs mass. From Fig. 1 we an also notie a smooth onvergene of β(r) at the asymptoti limit or |b| = 1. The
vetor Bµ(r) shows a spontaneous symmetry breaking due to the parameters bµ present in eah omponent. This
suggests that a multi-soliton with a vetor eld struture ould be generated.
V. CONCLUSION
In this work we have analyzed the ontribution of the non-trivial vauum to the topologial behavior of a vetor
matter eld in (1 + 2)D. In spite of a non-exat and/or non-analyti solution of the dierential equations derived
from eah omponent of the equation of motion the topologial harateristi of the solution is guaranteed. In the
present model, we have obtained that the harged vorties show similar behavior as in the Maxwell-Chern-Simons
model[27, 28℄. Moreover, the resulting topologial objets ould be interpreted as vetor solitons, where eah one of
their omponents are shown to be a polarized soliton in a spaetime diretion. We have also shown that a possible
origin for these vetor solitons omes from the non-trivial vauum in the vetor matter eld Bµ dynamis. Furthermore
we have analyzed the role played by the topologial Chern-Simons-type terms. Although they do not ontribute to
the non-trivial vauum obtained, by means of a mass pole veriation using propagators omputation we observe that
it an ontribute with a positive two-mode-extension to the mass term, whih indiates that its fator preserves the
topologial feature of the asymptoti limit of the eld. It an haraterize the size of the region where the magneti
eld is non-zero, or ore vortex, and the speed of the eld to saturate the asymptoti limit.
In the present work we have notied that the soliton modes with polarized diretion bµ generated an be assoiated
with loal anisotropy of vauum energy. There is an interesting similarity to the study of the Lorentz symmetry
violation studies [14, 15, 16, 17, 18, 19℄. In this work, the (loal) Lorentz symmetry violation might indue a loal
spaetime perturbation giving a dynamial anisotropi anomaly that is manifest by a vetor soliton objet. Indeed,
it suggests the possible existene of topologial vetor solitons in the limit of very high energy physis.
We an also speulate that the vetor solitons desribed in this work ould be onneted to the multi-soliton
modes in the ontext of nonlinear rystals, whih rst appear in the work of Manakov for low energy systems[29℄.
We also notied that suh multi-solitons (or solitons with many omponents) were reently observed in optial ber
experiments[30, 31, 32℄. From another point of view, experiments have been performed to verify the presene of
8non-topologial multi-solitons in anisotropi ristals in (1 + 2)D [33, 34℄ that ould be orrelated with the present
work.
In the sope of the Quantum Field Theory it ould be noted that topologial vetor solitons stem from a possible
optial vauum energy state or dynamial topologial defet. Thus these objets might be present in models that due
to the spae struture have anisotropi (optial or not) eets.
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